space X and r a positive integer. The family % is said to be r-pierceable if there exists a subset F of X consisting of r or fewer points such that A Π F Φ 0 for all A e %. If % is r-pierceable for some r, then define \%\ = min{r:g is r-pierceable}. If % is not r-pierceable for any positive integer r, then define | § I = °°T he following lemma is a generalization of a well-known theorem about the intersection of families of closed and compact subsets of X with the finite inter sectional property. The proof is routine and is omitted. The symbol L n will denote the ^-dimensional normed real linear space consisting of all ^-tuples of real numbers whose norm is given by || (a lf , a n ) \\ -max | α< |, and the symbol B n will denote the closed unit ball of L n . A) ) ^ A. Note that since A is a nondegenerate set E(x, A) Φ 0; consequently, the above ratio is defined and satisfies the inequality 0 ^ (I(x, A)/E(x, A)) <Ξ 1.
For integers p, q, and n with p^q^2, n^l and real number k with O^ί ^l define P n (p 9 
It is easy to see that if % is a family of subsets of L n with the (P, tf)-property then |g I ^ •?* (#, ?, 0) . This fact together with Lemma 1.1 implies that the number N(p, q; n) as defined by Hadwiger and Debrunner [2] is the same as P n (p, q, 0) . By a slight alteration of the proof of Hadwiger and Debrunner's theorem [2] one can obtain the following theorem. 
Proof. This is a consequence of Theorem 1.2 and Lemma 1.1.
Proof. By means of an example it is not difficult to show that Pn(p, Q, k) ^ p -q + 1. Helly's theorem [4] implies that P n (p, p, k) = 1 for p ;> π + 1 and ke [0, 1] . The corollary now follows from Corollary 1.3 and by induction on p -q.
2.
The main result* Let g = {A^: i = 1, •} where ^ is the convex hull of the set {(1/i, 0), (0, 1 -1/i)}. Then g has the (2, 2, 0)-property in L 2 and |Sl -°° Consequently, P 2 (2, 2, 0) = oo. Similar examples can be constructed in L n , n ^ 2, to show that P % (π, n, 0) = co. Consequently, P n {p, q, 0) = oo for all p ^ <? ^ 2 and q ^ n. However, the following theorem implies that the situation is somewhat different for k > 0. For & > 0 the proof of Theorem 2.1 can be used to obtain upper bounds for the values of P n {p y q, k). In the case of k = 1, Hadwiger and Debrunner's work with families of mutually parallel parallelotopes [3, p. 32] can be used to obtain upper bounds for P n (p, q, 1) and if the supplementary condition 2<^q^p<^2q -2 is satisfied, then where J is either the set of positive integers or an initial segment of the positive integers, with ζ i+1 (p, q; n) < ζ^p, q; n). In the next section ξj^p, q; n) will be determined for certain values of p, q, and n.
Some examples• From Corollary 1.4 and the fact that
Pn(p, Q f 0) -oo for n ^ q ^ 2 it follows that the case with the smallest values for p, q, and n, in which the question is unanswered as to whether or not P n (p, q, 0) is finite or not is that of p = £, q = 3, and n = 2. However, it is known that P 2 (4, 3, 1) = 2. An example will now be constructed to show that P 2 (4, 3, k) ^> 3 and P 2 (2, 2, k) 3 for all k with 0 ^ fc < 1. (4, 3, &) -property in L\ Consequently, P 2 (2, 2, ifc) ^ 3 and P 2 (4, 3, fc) ^ 3 for all k with 0 ^ A; < 1. Since as a function of n, P n (p, q, k) is an increasing function, it follows that P n (2, 2, k ) ^ 3 and P Λ (4, 3, Λ) ^ 3 for all 0 ^ it < 1 and n ^ 2. This with the fact that P n (2, 2, 1) -1 and P Λ (4, 3, 1) = 2 implies that &(2, 2; π) -^(4, 3; n) = 1 for all π^2. Griinbaum [1] has^giverfan^ example of a family % consisting of 21 circular disks in L 2 with the (2, 2)-property such that 18 | = 4. Thus, P.(2, 2, V^/2) 4 for all w ^ 2.
Proo/. Since P Λ (g, g, 1) = 1 it suffices to show that if k < 1, then Pn(q, q, k) ^ 2. Moreover, since P^(g, g, k) ^ P % (^, ^, &) ίoτ q^n the theorem will follow by showing that P n {n, n, k) ^ 2 for all A: < 1. Example 3.1 implies the desired result for n -2, so assume that n ^ 3. the (n, n, j/(j + l))-property in L n and \% 5 \ = 2. Thus, if 0 ^ k < 1, there exists a j" such that §,• has the (n, n, ά)-property in L n and \% 3 -\ = 2. Consequently, P n (n, n,k)^2 for all k with 0 ^ k < 1.
4* Concluding remarks. The procedure used in this paper in defining the piercing function P n (p, q, k) depends on the set B n . A similar development using any closed unit ball of an ^-dimensional normed linear space could have been done. The theorems and corollaries which were proven in § § 1 through 2 would still remain true. However, the piercing function will not be identical to P n (p, q, k) unless the unit ball is a parallelotope. The unit ball B n seems to be the best of all possible choices because P n (2, 2, 1) = 1. This would not have been the case if the unit ball was not a parallelotope.
This paper gives rise to several unanswered questions which should be rather clear from the context. However, they could all probably be answered by answering the primary question, that is, what is the value of P n (p, q, k) for all p ^ q ^ 2, n ^ 2, and 0 ^ k ^ 1?
